Introduction
Sufficient dimension reduction methods aim to reduce the dimension of a regression problem via supervised dimension reduction without losing information of the conditional distribution of Y |X where Y is the response and X is a p dimensional predictor. Thus, one estimates a p × d (d ≤ p) matrix β under the model
If d < p dimension reduction is achieved. For each β satisfying model (1) we define the Dimension Reduction Subspace (DRS), denoted by S(β), to be the space spanned by the column vectors of β. The intersection of all DRSs, if it is a DRS itself, it is the minimum dimension reduction subspace, it is unique, and it is known as the Central Subspace (CS), denoted by S Y |X (see Cook -1998a) . The ultimate goal is to estimate accurately the matrix β whose column space span the CS. Conditions of existence of the CS are given in Cook (1998a) and Yin, Li and Cook (2008) . These conditions are mild and throughout this paper we assume the existence of CS. Li (1991) proposed Sliced Inverse Regression (SIR), the first method introduced in the sufficient dimension reduction framework. A number of methods followed, for instance Sliced Average Variance Estimator (SAVE) by Cook and Weisberg (1991) , principal Hessian directions (pHd) by Li (1992) , Contour Regression (CR) by Li, Zha, Chiaromonte (2005) , Directional Regression (DR) by Li and Wang (2007) among others. Each of these methods performs linear sufficient dimension reduction with its own advantages and limitations.
SIR, SAVE and DR use the idea of slicing the response variable to perform dimension reduction. The number of slices is a tuning parameter of these algorithms. SAVE and DR were shown to have performance highly influenced by the number of slices. More recently, Zhu, Zhu and Feng (2010) developed three new algorithms based on the aforementioned three methods, using cumulative slicing, and named the algorithms Cumulative Mean Estimation (CUME), Cumulative Variance Estimation (CUVE) and Cumulative Directional Regression (CUDR). This created the cumulative idea where there was no need to tune for the number of slices as one starts from the first point (the smaller value of the response) and add one point at each iteration of the algorithm. There are two concerns with CUME. First, as n increases the number of cutoff points increase significantly, and in today's world with massive datasets being the norm in many sciences, this can cause computational problems. Second, the cumulative nature of the algorithm makes it inappropriate for problems with categorical response where there is no natural ordering of the categories.
Here we propose a new approach which uses the idea of slicing the response but use the difference between inverse means of two slices to achieve dimension reduction. We propose two different algorithms to estimate the CS. The first algorithm is equivalent to CUME in theory but is faster computationally and the second algorithm can handle categorical responses better. These two algorithms are based on the "left vs right" (LVR) and "one vs another" (OVA) algorithms presented in Li, Artemiou and Li (2011).
The paper is constructed as follows. In Section 2, the idea is introduced with more details. In Section 3, we give an estimation algorithm, the asymptotic properties and discuss dimension determination of the CS. Numerical studies follow on section 4. Finally, we conclude with a discussion. All the proofs are in a supplementary file.
Inverse Mean Difference approach
Let Y be a response variable in a regression problem and X be a p dimensional predictor vector, where for simplicity we assume E(X) = 0. Let n be the number of observations in our regression problem and H the number of slices.
Sliced inverse regression (SIR) by Li (1991) uses the idea of the inverse first moment to estimate the CS. More specifically a spectral decomposition of (Σ) −1 var(E(X|Y )) is used where Σ = var(X). More recently Zhu, Zhu and Feng (2010) proposed the so-called Cumulative Mean (CUME) estimation of S Y |X . They proposed to estimate S Y |X using a spectral decomposition of
where k is any value satisfying y (1) ≤ k ≤ y (n) and
is the i th ordered value of the response.
Here we propose to estimate CS using the difference of the means of two disjoint set of points. Let Ω be the support of Y and let A 1 and A 2 be two disjoint subsets of Ω. Then using I(·) as the indicator function the response variable Y can be discretized using:
We propose to estimate the CS using the difference of the means between the points that belong to the two sets A 1 , A 2 . We denote this as:
It is pretty straightforward to prove the following result. The assumption E(X|β T X) = P T β (Σ)X is a very common assumption in the SDR literature and it holds if the predictors are elliptically distributed.
We use two different algorithms based on the way the sets A 1 , A 2 are defined in (2) . The first approach is called "left vs right" (LVR). If we divide the dataset into H slices, this approach uses the H − 1 cutoff points between the slices, denoted as q r , r = 1, . . . , H − 1. Using the cutoff point q r we defineỸ
. This means that A 1 contains the points with response greater than the cutoff point and A 2 contains the points less than or equal to the cutoff point. Under this method equation (3) becomes m LVR (q r ) = E(XI(Y > q r ))−E(XI(Y ≤ q r )). One can show that this approach is equivalent to CUME. Since we assume E(X) = 0 it follows that E(XI(Y > q r )) = −E(XI(Y ≤ q r )) which implies that m LVR (q r ) = −2E(XI(Y ≤ q r )) which is twice the CUME estimator. Although this is theoretically equivalent to CUME computationally it is faster, especially when n gets very large, as instead of using n cutoff points as CUME does, it uses only H − 1 which is usually much less than n.
The second algorithm is called "one vs another" (OVA). Dividing the dataset into H slices, we select a pair of slices (i, j), i > j, i, j = 1, . . . , H. Under this method equation (3) 
where H i denotes the i th slice. Using this method there are
pairs and there is no sense of ordering as in the LVR method. Therefore this method might be more suitable for categorical responses where no ordering exists. Interestingly, in the special case that all slices have an equal number of observations this approach is equivalent to SIR.
We call this method the Slice Inverse Mean Difference (SIMD) method and to distinguish between the two algorithms when necessary we will use the subscripts LVR and OVA.
Statistical Inference
In this section we first outline the algorithm for sample estimation for both methods; we then provide some asymptotic results and finally develop sequential tests for estimating the dimension of the CS only for LVR.
Sample estimation
Having a set of n observations (X i , Y i ), i = 1, . . . , n the following steps are used to estimate S Y |X :
whereX the mean of the X i 's andΣ the estimate of the var(X).
2. Divide the range of the response variable into H slices. Let q r , r = 1, . . . , H − 1 be the dividing points between the slices. 
where n r j , j = −1, 1 denotes the number of points with discrete value Y r i = j at dividing point q r . 3b. (OVA) For each pair (r, s) satisfying 1 ≤ r < s ≤ H define the discretized responseỸ
th ordered slice of the responses and calculatê
where n to estimate S Y |X .
Asymptotic normality of Γ LVR
In this section we derive the asymptotic distribution forΓ LVR . Let V LVR be the population version of matrixV LVR in equation (6)
where , j) , i, j = 1, . . . , H − 1 are not independent. Therefore we rewrite them using the intraslice means which are independent. So:
where A i denotes the i th slice and p i the proportion of points in slice
We now defineZ n = √ n(Ẑ n − B). Note that B is a p × H matrix where 
The proof is similar to a result in Bura and Cook (2001) and is omitted.
The above result is used together with the Delta method to prove the following result which gives the asymptotic distribution ofΓ LVR .
where W is a p(H − 1) × pH matrix which is an (H − 1) × H array of p × p positive or negative identity matrices. Denoting by W ij the element at the i th row and j th column of the array W , W ij = I if j > i and
Similar results forΓ OVA are in the supplementary file.
Dimension determination through sequential tests
In this section we develop sequential tests to determine d, the dimension of S Y |X . Sequential tests are frequently used in the literature. For SIR, see Li The developments here follow the results of Bura and Yang (2011) . For the rest of the section the variance of the asymptotic distribution ofΓ LVR is denoted by ΣΓ = W T ∆W and we avoid the use of the LVR subscript throught the section. Assuming rank(Γ) = k = min(p, H − 1), then the singular value decomposition of matrix Γ is given by:
where 0 i,j is the i × j matrix with all entries equal to 0,
orthogonal matrix with the left singular vectors of Γ where U 1 is a p × k matrix of the k left singular vectors vectors corresponding to the largest singular values and Assume now we have the following sequential tests H 0 : rank(Γ) = k vs H A : rank(Γ) > k, k = 0, . . . , p. Starting with k = 0, we test the above hypothesis. If the null is rejected we repeat the test increasing the value of k by 1. The smallest value of k the null hypothesis is not rejected is assumed to be the true rank of matrix Γ.
Define now the following test statistic: 
For T 1 (k), Bentler and Xie (2000) proposed two approximations. The first is the scaled version, T sc (k) =
and w i and s as defined in Corollary 1. The second is the adjusted version, T adj (k) =
. Similar results hold for the OVA algorithm by replacing H − 1 with
Numerical Studies
In this section we present numerical studies to demonstrate the advantages of the new algorithms. To compare performance between different methods we use the trace correlation defined by Ferré (1998) 
which uses the trace of a matrix where S is the true space andŜ is the estimated space, P A is the projection operator in the standard inner product of A, and K is the dimension of S. r(K) takes values between 0 and 1 and the closest it is to 1, the closest the true space and the estimated space are.
Performance of estimation
For our simulations we use the models I:
We run 500 simulations of each experiment setup with sample size 100. Table 1 SIMD LVR and CUME perform slightly better than SIR, although CUME has smaller variability (especially for model I). We can see that as we increase the number of slices, SIR lose accuracy while SIMD LVR maintains the performance it has for small number of slices. Although not shown, for this set of experiments SIMD OVA performs exactly as SIR.
Computation time
To demonstrate the improvement in the performance of the two algorithms we run model I, with p = 10 and n = 10 2 , 10 3 , 10 4 , 10 5 . In one set of experiments H = 10 and in the second set H = n/10. The results are summarized in Table  2 . The computational time of SIMD is clearly shorter even in the case that we use a huge number of slices. Although not shown we emphasize that the performance of SIMD is not affected by the different number of slices and it is very close to CUME for all sample sizes n (even when H = 10).
Performance for order determination
We run a simulation to compare the performance of the sequential tests developed in the previous section for the SIMD LV R . We compare the performance of those tests with the tests developed for SIR in Bura and Cook (2001) . We use models I, II . We also include Model III:
2 ] + σε. The effective dimension for models III and IV is d = 1
and for models I and II the effective dimension is d = 2. The results are summarized in Table 3 where only the results for test statistic T sc are presented for briefness. Under most scenarios the tests for SIMD LVR work slightly better. We use the Iris data to demonstrate the advantage of SIMD OVA with categorical responses. The dataset consists of 150 observations, 50 from each of setosa, versicolor, virginica species of iris flower. For each flower petal length and width and sepal length and width are measured. Since there is no natural ordering of the species we run the OVA algorithm and CUME using two different orderings of the species. In the first run setosa, versicolor and virginica are coded as 1, 2, 3 respectively and in the second they are coded as 2, 1, 3 respectively. Table 4 shows the first direction extracted by each method for each ordering. It is clear that for OVA there is no difference, while there is a big difference for CUME. The distance measured is based on the trace correlation in (10).
Categorical responses

Discussion
In this work we use the differences of inverse means to achieve sufficient dimension reduction. We present two different algorithms to achieve this. The first algorithm, called LVR, is theoretically equivalent to CUME by Zhu, Zhu and Feng (2010) but has certain advantages. First, when the number of observations is really large it is estimating the CS faster than CUME as it uses much less cutoff points. Also if it is compared to SIR it is more robust to the number of slices. The second algorithm, called OVA, is shown to solve the issue CUME has when the response is categorical with no logical ordering between its values.
We believe similar algorithms can be developed for SAVE and DR algorithms. Since those two methods use conditional second moments we believe they require different methods treatment as one should make sure some properties of covariance matrices are not affected by using functions of two covariance matrices.
